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Chapter 7
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Abstract
In this chapter, we consider the radiation reaction to the motion of a point-like
particle of mass m and specific spin S traveling on a curved background. Assuming
S = O(Gm) and Gm≪ L where L is the length scale of the background curvature,
we divide the spacetime into two regions; the external region where the metric is ap-
proximated by the background metric plus perturbations due to a point-like particle
and the internal region where the metric is approximated by that of a black hole
plus perturbations due to the tidal effect of the background curvature, and use the
technique of the matched asymptotic expansion to construct an approximate metric
which is valid over the entire region. In this way, we avoid the divergent self-gravity
at the position of the particle and derive the equations of motion from the consis-
tency condition of the matching. The matching is done to the order necessary to
include the effect of radiation reaction of O(Gm) with respect to the background
metric as well as the effect of spin-induced force. The reaction term of O(Gm) is
found to be completely due to tails of radiation, that is, due to curvature scattering
of gravitational waves. In other words, the reaction force is found to depend on the
entire history of the particle trajectory. Defining a regularized metric which consists
of the background metric plus the tail part of the perturbed metric, we find the equa-
tions of motion reduce to the geodesic equation on this regularized metric, except
for the spin-induced force which is locally expressed in terms of the curvature and
spin tensors. Some implications of the result and future issues are briefly discussed.
§1. Introduction
The problem of radiation reaction has long been one of the fundamental theo-
retical issues in general relativity. Starting from the historical works of Eddington
in his 1922 book 1), Chandrasekhar and Esposito 2) discussed the radiation reaction
of the self-gravitating fluid emphasizing the importance of the time asymmetric part
of the metric appearing in the post-Newtonian expansion, and Burke and Thorne 3)
found that the leading contribution from the time asymmetric part can be compactly
expressed in the form of a resistive potential.
The previous studies of radiation reaction 2), 3) were done under the assumption
that the post-Newtonian expansion is valid. Here we consider this problem in the
framework of linear perturbation theory in a general spacetime. A part of moti-
vation is to give a rigid foundation of the method to solve the Einstein equations
perturbatively as an expansion with respect to the perturbation caused by a point-
like particle. Usually one adopts a point-like particle to represent a black hole or
2neutron star in the linear perturbation studies as was done in Chapter 1. Then one
may pose several questions: Since the perturbed field diverges at the location of the
point-like particle, is the approximation scheme of linear perturbation still valid?
Does the point-like particle really represent a black hole or a neutron star? If it
represents a black hole, the center of it is inside the event horizon, and then in what
sense does ‘the motion of the particle’ make sense? Here we are going to clarify the
meaning of the particle trajectory and derive the equations of motion including the
effect of radiation reaction to the first non-trivial order.
Before starting the discussion of the gravitational radiation reaction, it is worth-
while to refer to the electromagnetic case in a fixed curved background spacetime
which was discussed by DeWitt and Brehme 4). In the electromagnetic case, the total
energy momentum tensor composed of the particle and field contributions satisfies
the conservation law. The conservation law is integrated over the interior of a world
tube with an infinitesimal length surrounding the particle orbit. The part of the
integration which does not vanish in the limit of small tube radius is transformed
into the surface integrations over both ends of the tube and over the surface of the
tube by using the Gauss theorem. The integrations over the top and bottom of
the tube, respectively, give the definition of the particle momenta at both ends and
the difference between them represents the change of the momentum during this
infinitesimal time interval, which is to be equated with the momentum flow given by
the integration over the surface of the tube. In this way the equations of motion are
obtained.
In the case of gravitational radiation reaction, it is possible to construct a con-
served rank-two tensor defined on the background spacetime, composed of the matter
field and the metric perturbation 5). However, there is an essential difference between
the electromagnetic and gravitational cases. In electromagnetism, we can consider
an extended charge distribution which is supported by a certain force other than
the electromagnetic field. Thus it is possible to assume that the charge and mass
distributions of a point-like particle are not distorted by the effect of the radiation re-
action. Therefore one may consistently assume that the momentum and the electric
current of the particle are proportional to the 4-velocity of the particle. Moreover
the electromagnetic charge e is not directly related to the energy momentum of the
particle which is proportional to the mass m. Hence, even if the limit of zero particle
radius is taken, the divergent self-energy (∝ e2) can be renormalized into the mass.
In the case of gravitational radiation reaction, it is not possible to consider such an
ideal point-like particle because every force field universally couples with gravity.
Even worse, the role of e in electromagnetism is also attributed to m. Thus a simple
renormalization scheme does not make any sense.
In order to deal with the gravitational case, we use the matched asymptotic ex-
pansion technique that has been studied by many authors (e.g., D’Eath 6) and Thorne
and Hartle 7)) in the context of the post-Minkowski (or post-Newtonian) approxima-
tion. We assume that the metric sufficiently far from the particle is approximated
by the perturbation on the background spacetime generated by a point-like particle.
We call this the external metric. We also assume that the internal metric which
describes the geometry around the particle is represented by a black hole metric of
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small mass in the lowest order approximation. As the particle moves in the curved
background, the internal metric suffers from the tidal distortion. Thus both internal
and external metrics are constructed perturbatively. The expansion parameters for
the internal and external metrics are, however, different. We call this construction of
the metric in the internal region the internal scheme and that in the external region
the external scheme. Assuming the existence of the matching region where both
schemes are valid, the internal and external metrics are expanded there as double
series with respect to the two expansion parameters. Then the terms in these series
are labeled by two indices which denote the powers of the two expansion parameters.
Equating them order by order, we obtain the matching condition, through which one
scheme determines the boundary condition of the other and vice versa.
Using the matched asymptotic expansion to the first non-trivial orders of the
expansion parameters, we present two different derivations of the equations of motion
with the radiation reaction force of O(Gm); (1) by means of an explicit construction
of the metric, and (2) by using the so-called laws of motion and precession 7).
As mentioned above, in constructing the internal metric, the tidal distortion of
the geometry is taken into account by the perturbation of the black hole. In the
method (1), we set the gauge condition in the internal metric so that J = 0 and
1 linear homogeneous perturbations of the black hole vanish since they are purely
gauge degrees of freedom as long as both the mass and angular momentum of the
black hole stay constant. Applying a limited class of coordinate transformations
that keep the meaning of the center of the particle unambiguous, the internal metric
is matched with the external one in the matching region. Then we find that for
a given trajectory of the particle a consistent coordinate transformation does not
always exist, and this consistency condition determines the equations of motion.
In the method (2), not all the metric components are evaluated in both schemes
independently but we assume the existence of a coordinate transformation that gives
a relation between the internal and external metrics. Once we know some metric
components in one scheme, the counter parts in the other scheme are obtained from
the matching condition. At this stage, the gauge condition is not fixed in a unique
manner. The coordinate transformation between the internal metric and the external
metric is chosen so that some of the metric components that are evaluated in both
schemes are correctly matched in the matching region. Substituting the metric con-
structed in this way into the Einstein equations, we obtain the consistency condition.
There is a convenient method to extract out the information about the equations
of motion from the consistency condition. Namely to use the laws of motion and
precession introduced by Thorne and Hartle 7). The laws of motion and precession
are derived from the non-covariant but conserved form of the Einstein equations.
The resulting equations obtained from both derivations are the same, although
the strategies are quite different. In the method (1), the metrics in both schemes are
calculated independently by using the Einstein equations. The matching condition is
used to obtain the consistency conditions, which in turn give the equations of motion.
On the other hand, in the method (2), the matching condition is used to construct
the metric. The consistency condition is derived by requiring that thus obtained
metric satisfies the Einstein equations. The meaning of the matching condition in
4deriving the equations of motion is clearer in the method (1) than in (2), but the
method (2) is much simpler and straightforward than the method (1) as we shall see
in the following.
The organization of this chapter is as follows. We use the terminology ‘a
monopole (spinning) particle’ to refer to a particle which represents a Schwarzschild
(Kerr) black hole. In section 2, the matched asymptotic expansion technique is ex-
plained in detail. In section 3, we discuss the metric perturbation in the external
scheme. In section 4, the equations of motion for a monopole particle are derived
by using the method (1). The method (1) is applied only to the case of a monopole
particle because of the difficulty in constructing the perturbed metric of a Kerr black
hole. The case for a spinning particle is considered in section 5 by using the method
(2).
Throughout this chapter we assume that the background metric satisfies the
vacuum Einstein equations∗). Hence in the following calculations we use the fact
that the background Ricci tensor vanishes;
Rµν = 0. (1.1)
§2. Matched Asymptotic Expansion
The matched asymptotic expansion is a technique with which the same physical
quantities derived in different zones by two different approximation schemes are
matched in the overlapping region to obtain an approximate solution valid in the
whole region. We first prepare the metrics in both internal and external zones by
using different approximation schemes. The internal zone is the region where the
self-gravity of the particle dominates while the external zone is the region where the
background geometry dominates the full geometry.
In the internal zone, we assume that the metric can be described by that of a
black hole plus perturbation. Namely, we assume that the particle is represented by
a Schwarzschild/Kerr black hole in the lowest order of approximation. In the present
case, the perturbation is caused by the tidal effect of the curvature of the spacetime in
which the particle travels. As mentioned in Introduction, we call this construction
of the metric the internal scheme. In order to make this scheme valid, the linear
extension of the internal zone around the particle must be much smaller than the
background curvature scale L. We introduce the coordinate {Xa} = {T,Xi} (a =
0, 1, 2, 3; i = 1, 2, 3) for the internal scheme and |X|(:=
√
XiXi) is assumed to
represent the physical distance scale∗∗). Then the internal scheme is valid when
|X| ≪ L , (2.1)
where L is the length scale of the background curvature.
∗) The result is not altered even if we assume that the background spacetime is vacuum just
around the particle.
∗∗) In this chapter, we adopt the Minkowskian summation rule on a, b, · · ·, and the Kronecker
summation rule on i, j, · · · over the repeated indices.
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In the external zone, we expect that the metric is well approximated by the
perturbation induced by a point source on a given background spacetime. We call
this construction of the metric the external scheme. This approximation scheme is
valid when the self-gravity of the particle is sufficiently weak, that is,
Gm≪ |X| , (2.2)
where (Gm) is the scale of Schwarzschild radius. As the point source is placed where
the external scheme is invalid, there is no matter source in the external zone. Thus
the external metric is given by a vacuum solution of the Einstein equations.
We require that the metrics obtained in both schemes be matched in the overlap-
ping region of both zones, by considering a coordinate transformation between the
internal and external metrics. Safely, we may assume the existence of the matching
region as long as
Gm≪ L , (2.3)
is satisfied. For definiteness, we set the matching radius at
|X| ∼ (GmL)1/2, (2.4)
in the spatial coordinates of the internal scheme, Xi. Then writing down the met-
ric in the internal scheme, we have two independent small parameters |X|/L and
Gm/|X| in the matching region. The power expansion with respect to these two
small parameters allows us to consider the matching order by order.
First we consider the expansion of the internal scheme. Recalling that the per-
turbation in the internal zone is induced by the external curvature which has a
characteristic length scale L, the metric can be expanded in powers of |X|/L as
g˜ab(X) =
(0)Hab(X) +
1
L
(1)Hab(X) +
1
L2
(2)Hab(X) + · · · , (2.5)
where (0)Hab(X) is the unperturbed black hole metric. We expect that
(1)Hab(X)
will be given by the standard linear perturbation of the black hole. Later, we find
that (1)Hab(X) can be consistently set to zero, which is in accordance with the
notion that the spacetime curvature is of O(1/L2). Thus the standard black hole
perturbation theory applies up to (2)Hab(X). Further we expand the metric with
respect to Gm/|X| which is also small at the matching radius:
(0)Hab(X) = ηab +Gm
(0)
(1)Hab(X) + (Gm)
2(0)
(2)Hab(X) + · · · ,
1
L
(1)Hab(X) =
1
L
(1)
(0)Hab(X) +
Gm
L
(1)
(1)Hab(X) +
(Gm)2
L
(1)
(2)Hab(X) + · · · ,
1
L2
(2)Hab(X) =
1
L2
(2)
(0)Hab(X) +
Gm
L2
(2)
(1)Hab(X) +
(Gm)2
L2
(2)
(2)Hab(X) + · · · .(2.6)
Note that, from the definitions of the expansion parameters, the
(m)
(n) Hab component
of the metric behaves as
(m)
(n) Hab ∼ |X|m−n. (2.7)
6The explicit form of the coordinate transformation from the general coordinates
of a background metric {xµ} to the coordinates of the internal scheme {Xa} will
be discussed in section 3 for the method (1) and in section 5 for the method (2).
Assuming the matching can be consistently done, the full metric in the external
scheme g˜µν(x) is written in terms of the internal coordinates as
g˜ab(X)dX
adXb = g˜µν(x)dx
µdxν . (2.8)
Generally, as the external metric can be expanded by Gm/|X|, we write it as
g˜ab(X) = gab(X) +Gm(1)hab(X) + (Gm)
2
(2)hab(X) + · · · . (2.9)
Then Gm(1)hab(X) can be recognized as the linear perturbation on the background
gab(X). Further we expand it with respect to |X|/L as
gab(X) =
(0)
(0)hab(X) +
1
L
(1)
(0)hab(X) +
1
L2
(2)
(0)hab(X) + · · · ,
Gm(1)hab(X) = Gm
(0)
(1)hab(X) +
Gm
L
(1)
(1)hab(X) +
Gm
L2
(2)
(1)hab(X) + · · · ,
(Gm)2(2)hab(X) = (Gm)
2(0)
(2)hab(X) +
(Gm)2
L
(1)
(2)hab(X)
+
(Gm)2
L2
(2)
(2)hab(X) + · · · . (2.10)
As before,
(m)
(n) hab ∼ |X|m−n. (2.11)
For brevity, we call
(m)
(n) hab or
(m)
(n) Hab the (
m
n )-component and the matching con-
dition for them as the (mn ) matching. In the matching region (|X| ∼ (GmL)1/2),
the (mn )-component is of O
(
(Gm/L)(m+n)/2
)
. The matching condition requires that
all the corresponding terms in Eqs. (2.6) and (2.10) should be identical. Then the
matching condition is given by equating the terms of the same power in |X| in both
schemes to desired accuracy. Thus the condition for the (mn ) matching is
∑
m′−n′=m−n
m′≤m
(Gm)n
′
Lm′
(m′)
(n′) hab =
∑
m′−n′=m−n
m′≤m
(Gm)n
′
Lm′
(m′)
(n′) Hab +O
(
(Gm)n+1
Lm+1
|X|(m−n)
)
.
(2.12)
§3. External Scheme
As we assume that the gravitational radius of the particle, Gm, is small compared
with the length scale of the background curvature, L, we approximate δgµν by the
linear perturbation induced by a point-like particle, hµν , in the whole spacetime
region except for the vicinity of the world line of the particle. The calculation is
performed in an analogous manner to the case of the scalar and vector perturbations
developed by DeWitt and Brehme 4).
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We take a Green function approach to study the linear perturbation of the metric
generated by a point source. In order to calculate the tensor Green function in a
background covariant manner, we begin with introducing the concept of bi-tensors.
3.1. Bi-tensor formalism
Bi-tensors are tensors which depend on two distinct spacetime points, say, x and
z, so that they can have two types of indices. The simplest example is given by a
direct product of tensors at the points x and z as
Aµα(x, z) = Bµ(x)Cα(z) . (3.1)
In what follows, we use x for a field point and z for a point on the particle trajectory,
and assign the letters α, β, γ, δ, ǫ, ζ, η for the tensor indices of z and µ, ν, ξ, ρ, σ
for x.
Basic bi-tensors used in our calculations are half the squared geodetic interval
σ(x, z),
σ(x, z) =
1
2
gµν(x)σ;µ(x, z)σ;ν(x, z) =
1
2
gαβ(z)σ;α(x, z)σ;β(x, z) ,
lim
x→z
σ(x, z);µ = lim
x→z
σ(x, z);α = 0 , (3.2)
and the geodetic parallel displacement bi-vector,
g¯µα;ν(x, z)g
νσ(x)σ;σ(x, z) = 0, g¯µα;β(x, z)g
βγ (z)σ;γ(x, z) = 0,
lim
x→z
g¯µ
α(x, z) = δµ
α. (3.3)
These are used to expand bi-tensors around the orbit of a particle. For example, we
have
Aα(x, z) = lim
x′→z
(
Aα(x′, z)− σ;µ′(x, x′)Aα;µ′(x′, z) +O(ǫ2)
)
, (3.4)
Bµ(x) = g¯µα(x, z)
(
Bα(z)− σ;β(x, z)Bα;β(z) +O(ǫ2)
)
, (3.5)
for a small geodetic interval between x and z, where ǫ =
√
2|σ(x, z)|. These relations
can be verified by taking the x→ z limit of their repeated derivatives.
By evaluating the repeated derivatives of Eqs. (3.2) and (3.3) in the coincidence
limit x→ z, we obtain some useful formulas for expansion in ǫ:
σ;αβ(x, z) = gαβ(z)− 1
3
Rα
γ
β
δ(z)σ;γ(x, z)σ;δ(x, z) +O(ǫ
3) , (3.6)
σ;µβ(x, z) = −g¯µα(x, z)
(
gαβ(z) +
1
6
Rαγβδ(z)σ
;γ(x, z)σ;δ(x, z)
)
+O(ǫ3) , (3.7)
g¯µα;β(x, z) = −1
2
g¯µγ(x, z)Rαγβδ(z)σ
;δ(x, z) +O(ǫ2) ,
g¯µα;ν(x, z) = −1
2
g¯µβ(x, z)g¯ν
γ(x, z)Rαβγδ(z)σ
;δ(x, z) +O(ǫ2) . (3.8)
8We also introduce the van Vleck-Morette determinant, ∆(x, z):
∆(x, z) := |g¯αµ(z, x)σ;µβ(x, z)|, (3.9)
which appears in the expression of the Green function later.
3.2. Tensor Green function
We consider the linearized Einstein equations. We introduce the trace-reversed
metric perturbation,
ψµν(x) = hµν(x)− 1
2
gµν(x)h(x) , (3.10)
and set the harmonic gauge condition,
ψµν ;ν(x) = 0 , (3.11)
where h(x) and ψ(x) are the trace of hµν(x) and that of ψµν(x), respectively, and
the semicolon means the covariant derivative with respect to the background metric.
In this gauge, the linearized Einstein equations become
−1
2
ψµν;ξξ(x)−Rµξνρ(x)ψξρ(x) = 8πGT µν(x) . (3.12)
Thus we define the tensor Green function Gµναβ(x, z) which satisfies
Gµναβ;ξ ;ξ(x, z)+2R
µ
ξ
ν
ρ(x)G
ξραβ(x, z)
= −2g¯α(µ(x, z)g¯ν)β(x, z)δ
(4)(z − x)√−g , (3
.13)
where g is the determinant of the metric gµν(x).
First we consider the elementary solution Gµναβ∗ (x, z) which satisfies Eq. (3.13)
except at the σ(x, z)→ 0 limit and takes the Hadamard form,
Gµναβ∗ (x, z) =
1
(2π)2

uµναβ(x, z)
σ(x, z)
+vµναβ(x, z) log |σ(x, z)|
+wµναβ(x, z)

 . (3.14)
The bi-tensors uµναβ(x, z), vµναβ(x, z) and wµναβ(x, z) are regular in the σ(x, z)→ 0
limit and uµναβ(x, z) satisfies the normalization condition,
lim
x→z
uµναβ(x, z) = lim
x→z
2g¯α(µ(x, z)g¯ν)β(x, z) . (3.15)
If we put the form (3.14) into the left hand side of Eq. (3.13), the terms can be classi-
fied into three parts. One is the terms which contain the factor 1/σ2(x, z) manifestly
and another is the terms which contain log |σ(x, z)|. The remaining terms have no
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singular behavior at the σ(x, z) → 0 limit. Since the form (3.14) is redundant, we
can set these three sets to vanish separately:(
2uµναβ;ξ(x, z)− ∆
;ξ(x, z)
∆(x, z)
uµναβ(x, z)
)
σ;ξ(x, z) = 0 , (3.16)
vµναβ;ξ ;ξ(x, z) + 2R
µ
ξ
ν
ρ(x)v
ξραβ(x, z) = 0 , (3.17)
2vµναβ(x, z) +
(
2vµναβ;ξ(x, z) − ∆
;ξ(x, z)
∆(x, z)
vµναβ(x, z)
)
σ;ξ(x, z)
+uµναβ;ξ ;ξ(x, z) + 2R
µ
ξ
ν
ρ(x)u
ξραβ(x, z)
+
(
wµναβ;ξ ;ξ(x, z) + 2R
µ
ξ
ν
ρ(x)w
ξραβ(x, z)
)
σ(x, z) = 0 . (3.18)
Equation (3.16) is solved with the normalization (3.15) as
uµναβ(x, z) = 2g¯α(µ(x, z)g¯ν)β(x, z)
√
∆(x, z) . (3.19)
The bi-tensors vµναβ(x, z) and wµναβ(x, z) are to be determined by solving Eqs. (3.17)
and (3.18). The bi-tensor wµναβ(x, z) is not needed but the bi-tensor vµναβ(x, z)
plays an important role in the following discussion. Although it is difficult to find
the solution of vµναβ(x, z) in an arbitrary background spacetime, its explicit form
is not required for the succeeding discussions. However it is important to note that
vµναβ(x, z) is uniquely determined. The reason is as follows. From Eq. (3.17) one
finds it satisfies a hyperbolic equation. Hence the problem is if its Cauchy data are
unique or not. First we note the coincidence limit of Eq. (3.18), which gives
lim
x→z
vµναβ(x, z) = lim
x→z
2g¯α(ξ(z, x)g¯
β
ρ)(z, x)R
µξνρ(x). (3.20)
Then taking the null limit σ(x, z) → 0 of Eq. (3.18), we obtain the first order
differential equation for vµναβ(x, z) which can be solved along a null geodesic. Thus
this equation with the boundary condition (3.20) uniquely determines vµναβ(x, z)
on the light cone emanating from z. Therefore the hyperbolic equation (3.17) has a
unique solution. We also mention that vµναβ(x, z) is divergence free,
vµναβ ;ν(x, z) = 0. (3.21)
To see this we note the harmonic gauge condition on the Green function requires
lim
σ→0
vµναβ ;ν(x, z) = 0. (3.22)
We also see that the equation for vµναβ ;ν(x, z) follows from Eq. (3.17),[
vµναβ ;ν(x, z)
]
;ξ
;ξ = 0, (3.23)
where we have used the fact Rµξνρ;ρ = 0, which is proved by contracting the Bianchi
identities for the vacuum case. Thus we conclude that Eq. (3.21) holds everywhere.
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The Feynman propagator GµναβF (x, z) can be derived from the elementary solu-
tion Gµναβ∗ (x, z) by the iǫ-prescription.
GµναβF (x, z) =
1
(2π)2

uµναβ(x, z)
σ(x, z) + iǫ
+vµναβ(x, z) log(σ(x, z) + iǫ) + wµναβ(x, z)

. (3.24)
The imaginary part of the Feynman propagator GµναβF (x, z) gives the symmetric
Green function G¯µναβ(x, z), from which we can obtain the retarded Green function
GµναβRet (x, z), and the advanced Green function G
µναβ
Adv (x, z) as
G¯µναβ(x, z) = −1
2
Im
[
GµναβF (x, z)
]
=
1
8π
[
uµναβ(x, z)δ(σ(x, z)) − vµναβ(x, z)θ(−σ(x, z))
]
, (3.25)
GµναβRet (x, z) = 2θ[Σ(x), z]G¯
µναβ(x, z), (3.26)
GµναβAdv (x, z) = 2θ[z,Σ(x)]G¯
µναβ(x, z), (3.27)
where Σ(x) is an arbitrary space-like hypersurface containing x, and θ[Σ(x), z] =
1− θ[z,Σ(x)] is equal to 1 when z lies in the past of Σ(x) and vanishes when z lies
in the future.
3.3. Metric perturbation
Using the above obtained retarded Green function, we compute the trace-reversed
metric perturbation ψµν(x) induced by a point-like particle. We assume the energy-
momentum tensor of the form,
T µν = T µν(mono) + T
µν
(spin) , (3
.28)
T µν(mono)(x) = m
∫
dTvµ(x, T )vν(x, T )
δ(4)(x− z(T ))√−g , (3
.29)
T µν(spin) = −m
∫
dT∇ξ
(
Sξ(µ(x, T )vν)(x, T )
δ(4)(x− z(T ))√−g
)
, (3.30)
vµ(x, T ) = g¯µα(x, z(T ))z˙
α(T ) , (3.31)
Sµν(x, T ) = g¯µα(x, z(T ))g¯
ν
β(x, z(T ))S
αβ(T ) , (3.32)
where z˙α(T ) = dzα/dT , m is the mass of the particle and Sαβ(T ) is an anti-
symmetric tensor representing the specific spin of the particle per unit mass. We
call it the spin tensor of the particle and assume that it satisfies the center of mass
condition,
Sαβ(T )z˙
β(T ) = 0 . (3.33)
In Chapter 1, section 11, we have given the energy-momentum tensor of a spin-
ning test particle.∗) There the four-velocity of the orbit vα = z˙α is distinguished from
∗) Note that Sαβ there corresponds to mSαβ here.
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the specific four-momentum of the particle uα = pα/m. The difference is O(S2/L2)
where S is the magnitude of the spin tensor S :=
√
SαβSαβ/2. Here we ignore this
difference because of the following reason. Since the particle is assumed to represent
a black hole, m will be identified with the black hole mass and S with the Kerr spin
parameter a. Therefore S is assumed to be of order Gm, hence the difference be-
tween vα and uα is O((Gm/L)2). Since we are interested in the radiation reaction of
O(Gm/L2) to the equations of motion, we may consistently neglect this difference.
At this point, we must comment on the reason why we may assume the point-like
particle for the source. Even in the linear perturbation, in order to generate a general
gravitational field in the external zone, we need to consider a source with arbitrary
higher multipole moments.∗) However, the ℓ-th moment of the gravitational field will
be O((Gm/|X|)ℓ+1) in the matching region if the particle represents a black hole.
As we shall see in the following discussions, we find it is not necessary to consider
the matchings at O
(
(Gm)3
)
or higher in order to derive the equations of motion
with the reaction force of O(Gm/L2). Hence the moments higher than the spin can
be consistently neglected.
We should also note that the metric perturbation induced by T µν(spin) is O
(
(Gm)2
)
for S = O(Gm). At first glance, one might think that this implies the necessity of
the second order perturbation theory if we are to incorporate the spin effect of
the particle in the expansion with respect to Gm in a consistent way. However,
provided that the construction of the metric by the matched asymptotic expansion
is consistent, the second order perturbation theory turns out to be unnecessary. In
fact, we shall find that the spin-induced metric perturbation of O
(
(Gm)2
)
gives rise
to the leading order spin-curvature coupling term of O(Gm/L2) in the equations
of motion, while the spin-independent metric perturbation of O
(
(Gm)2
)
does not
contribute to the reaction force term at O(Gm/L2).
Without any further approximation, the metric perturbation due to the point-
like particle becomes
ψµν(x) = 2Gm

[ 1
σ˙(x, z(T ))
uµναβ(x, z(T ))z˙
α(T )z˙β(T )
+
σ¨(x, z(T ))
σ˙3(x, z(T ))
uµναβ(x, z(T ))σ;γ(x, z(T ))S
γα(T )z˙β(T )
+
1
σ˙(x, z(T ))
uµναβ;γ(x, z(T ))S
γα(T )z˙β(T )
− 1
σ˙2(x, z(T ))
d
dT
(
uµναβ(x, z(T ))σ;γ(x, z(T ))S
γα(T )z˙β(T )
)
+
1
σ˙(x, z(T ))
vµναβ(x, z(T ))σ;γ(x, z(T ))S
γα(T )z˙β(T )
]
T=TRet(x)
∗) A distributional form of the energy-momentum tensor with arbitrary higher multipole mo-
ments was discussed by Dixon 8).
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−
∫ TRet(x)
−∞
dT
(
vµναβ(x, z(T ))z˙
α(T )z˙β(T )
+vµναβ;γ(x, z(T ))S
γα(T )z˙β(T )
)
 , (3.34)
where TRet(x) is the retarded time of the particle and is a scalar function which is
determined by
σ (x, z(TRet)) = 0 , θ (Σ(x), z(TRet)) = 1 . (3.35)
Since the retarded time TRet(x) is not convenient for specifying the field point
x around the particle trajectory in the following computations, we introduce a new
specification of x as follows. We foliate the spacetime with spacelike 3-surfaces
perpendicular to the particle trajectory. Specifically, the 3-surfaces are defined as a
one-parameter family of T by the relation, σ;α(x, z(T ))z˙
α(T ) = 0. We denote the
value of T of the 3-surface containing the point x by Tx. That is
σ;α(x, z(Tx))z˙
α(Tx) = 0 , (3.36)
where we have introduced the notation,
Q;α(x, z(Tx)) := [Q;α(x, z)]z=z(Tx) ,
Q;µ(x, z(Tx)) := [Q;µ(x, z)]z=z(Tx) . (3
.37)
Note that
[Q(x, z(Tx))];µ = Q;µ(x, z(Tx)) +Q;α(x, z(Tx))z˙
α(Tx)Tx;µ . (3.38)
We use σ;α(x, z(Tx)) to distinguish the spatial points on the same 3-surface, and
denote the spatial distance from z(Tx) to x by
ǫ(x) :=
√
2σ(x, z(Tx)) . (3.39)
In the matching region, we have
Gm≪ ǫ(x)≪ L. (3.40)
To obtain the external metric in the matching region, we first consider the ǫ-
expansion of the time retardation, δRet(x),
δRet(x) := TRet(x)− Tx . (3.41)
It is given by expanding Eq. (3.36) as
0 = [σ(x, z(T ))]τ=TRet(x)
= σ(x, z(Tx)) + σ˙(x, z(Tx))δRet(x)
+
1
2
σ¨(x, z(Tx))δ
2
Ret(x) +
1
3!
...
σ (x, z(Tx))δ
3
Ret(x)
+
1
4!
....
σ (x, z(Tx))δ
4
Ret(x) +O(ǫ
5) . (3.42)
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Using Eqs. (3.6), (3.36), and the normalization condition, (dz/dT )2 = −1+O(Gm/L),
which will be proved to be consistent later, each term in the above is computed as
σ(x, z(Tx)) =
1
2
ǫ2(x) , (3.43)
σ˙(x, z(Tx)) = σ;α(x, z(Tx))z˙
α(Tx) = 0 , (3.44)
σ¨(x, z(Tx)) =: −κ2(x)
= σ;αβ(x, z(Tx))z˙
α(Tx)z˙
β(Tx) + σ;α(x, z(Tx))z¨
α(Tx)
=
(
gαβ(z(Tx))− 1
3
Rα
γ
β
δ(z(Tx))σ;γ(x, z(Tx))σ;δ(x, z(Tx))
)
z˙α(Tx)z˙
β(Tx)
+σ;α(x, z(Tx))z¨
α(Tx) +O(ǫ
3) , (3.45)
...
σ (x, z(Tx)) = σ;α(x, z(Tx))
...
z α(Tx) +O(ǫ
2) , (3.46)
....
σ (x, z(Tx)) = −gαβ(z(Tx))z¨α(Tx)z¨β(Tx) +O(ǫ) . (3.47)
where we have introduced κ(x) to denote
√−σ¨(x, z(Tx)). From these, we obtain
δRet(x) = −ǫ(x)κ−1(x)
(
1− 1
6
ǫ(x)κ−3(x)
...
z α(Tx)σ;α(x, z(Tx))
− 1
24
ǫ2(x)κ−4(x)z¨2(Tx)
)
+O(ǫ4) . (3.48)
With the help of Eq. (3.48), we then obtain the expansion of various terms in
Eq. (3.34). We have[
1
σ˙(x, z(T ))
]
T=TRet(x)
=
1
ǫ(x)κ(x)
(
1− 1
3
ǫ(x)
...
z α(Tx)σ;α(x, z(Tx))− 1
8
ǫ2(x)z¨2(Tx) +O(ǫ
3)
)
.(3.49)
In order to obtain the expansion of uµν αβ(x, z) given by Eq. (3.19), we also need the
following expansions:[
∆1/2(x, z(T ))
]
T=TRet(x)
= 1 +O(ǫ3) , (3.50)
[
g¯µα(x, z(T ))
]
T=TRet(x)
= g¯µα(x, z(Tx))− 1
2
g¯µ
β(x, z(Tx))Rαβγδ(z(Tx))σ
;γ(x, z(Tx))z˙
δ(Tx)ǫ(x)
+O(ǫ3) , (3.51)[
z˙α(T )
]
T=TRet(x)
= z˙α(Tx)− ǫ(x)κ−1(x)z¨α(Tx) + 1
2
ǫ2(x)
...
z α(Tx) +O(ǫ
3) .(3.52)
In the above expressions there appear higher derivatives of z˙, such as z¨ and
...
z ,
where a dot means the covariant derivative D/dT along the trajectory of the particle.
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Since we are considering the case in which the radiation reaction force is O(Gm/L2),
it is reasonable to assume these derivatives are smaller by a factor of O(1/Tr), i.e.,
Dn+1z(T )
dT n+1
∼ 1
TrLn−1
< O
(
ǫ(x)
Ln+1
)
(n ≥ 1), (3.53)
where Tr = O(L
2/(Gm)) is the reaction time scale. We shall find that this is
consistent with the equations of motion in the end.
Keeping this fact in mind, and using Eqs. (3.49) ∼ (3.52), we obtain the ǫ-
expansion of the trace-reversed metric perturbation, Eq. (3.34), as
ψµν = ψµν(mono) + ψ
µν
(spin) + ψ
µν
(tail) , (3
.54)
where
ψµν(mono)(x) = 2Gmg¯
µ
αg¯
ν
β

2
ǫ
κ−1z˙αz˙β
−4z˙(αz¨β) + 2z˙γσ;δz˙ǫRγδǫ(αz˙β) − 2ǫRαγβδ z˙γ z˙δ +O(ǫ2)

,(3.55)
ψµν(spin)(x) = −4Gmg¯µαg¯νβ

 1
ǫ3
z˙(αSβ)γσ;γ +O((Gm)ǫ
0)

, (3.56)
ψµν(tail)(x) = 2Gmg¯
µ
αg¯
ν
β
×

− ∫ Tx
−∞
dT ′
(
vαβα′β′(z(Tx), z(T
′))z˙α
′
(T ′)z˙β
′
(T ′)
+vαβα′β′;γ′(z(Tx), z(T
′))Sγ
′α′(T ′)z˙β
′
(T ′)
)
+σ;γ
∫ Tx
−∞
dT ′
(
vαβα′β′
;γ(z(Tx), z(T
′))z˙α
′
(T ′)z˙β
′
(T ′)
+vαβα′β′;γ′
;γ(z(Tx), z(T
′))Sγ
′α′(T ′)z˙β
′
(T ′)
)
+O(ǫ2)

,(3.57)
where g¯µα = g¯
µ
α(x, z(Tx)). The part ψ
µν
(tail) is called the tail term because it is not due
to the direct light cone propagation of waves but due to multiple curvature scattering
of waves as described by the vµναβ(x, z) term in the Green function.
3.4. Transformation to the internal coordinates
In order to write down the external metric in terms of the internal coordinates,
we consider a coordinate transformation from x to {Xa} given in the form,
σ;α(x, z(T )) = −Fα(T,X). (3.58)
We restrict our consideration on a coordinate transformation which satisfies the
following requirements. We assume Xi = 0 corresponds to the center of the particle,
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xα = zα(T ), hence Fα = 0 at Xi = 0. We also assume that the right hand side of
Eq. (3.58) can be expanded in positive powers of Xi as
Fα(T,X) = fαi(T )Xi + 1
2
fαij(T )X
iXj +
1
3!
fαijk(T )X
iXjXk + · · · .(3.59)
Although it is possible that there appear more complicated terms such as XiXj/|X|,
we simply ignore such kinds of terms. We shall find it is consistent within the order
of the approximation to which we are going to develop our consideration. Here
fαi1···in(T ) is totally symmetric for i1 · · · in and is at most of O(L−(n−1)). Using
Eqs. (3.6) and (3.7), the total derivative of Eq. (3.58) gives the important relation,
g¯αµ(z(T ), x)dx
µ =

dzα
dT
(T ) +
Dfαi
dT
(T )Xi +
1
2
Dfαij
dT
(T )XiXj
−1
2
Rαβγδ(z(T ))f
β
i(T )
dzγ
dT
(T )f δj(T )X
iXj

dT
+

fαi + fαij(T )Xj + 1
2
fαijk(T )X
jXk
−1
6
Rαβγδ(z(T ))f
β
j(T )f
γ
i(T )f
δ
k(T )X
jXk

dXi.
+O(|X|3) (3.60)
In the following sections, we write down the external metric in terms of the
internal coordinates in the matching region to obtain the equations of motion.
§4. Equations of motion for a monopole particle
In this section, we adopt the method (1) mentioned in section 1 to derive the
equations of motion. We restrict our consideration to the case of a monopole parti-
cle, which is necessary because we use a well-established method to decompose the
metric in the internal scheme by the tensor harmonics. The tensor harmonics are
classified by the total angular momentum, J , reflecting the spherical symmetry of
the Schwarzschild black hole.
In the internal scheme, the monopole mode (J = 0) corresponds to the mass
perturbation. Thus we may set this mode to zero since it is natural to suppose that
the change of mass due to the radiation reaction is negligible. The dipole modes
(J = 1) are related to the translation and rotation. The translation modes are
purely gauge and thus we set them to zero to fix the center of the black hole. As
we are considering a non-rotating black hole, we also set the notational modes to
zero. In general, the higher modes contain gauge degrees of freedom as well as the
physical ones. However, for these higher modes, we do not give any principle to fix
the gauge for the moment.
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Before the explicit computation of the (mn ) matching condition, we briefly review
the construction of the scalar and vector harmonics in terms of the symmetric trace-
free (STF) tensor 9).
4.1. Spherical harmonics expansion
We introduce the notation,
A<i1i2···iℓ>, (4
.1)
to represent the totally symmetric trace-free part of Ai1i2···iℓ . More explicitly in the
cases of ℓ = 2, 3,
A<ij> = A(ij) −
1
3
δijAkk,
A<ijk> = A(ijk) −
1
5
(
δijA(kmm) + δjkA(imm) + δkiA(jmm)
)
. (4.2)
The spherical harmonics expansion of a scalar function A on the unit-sphere can
be written as
A =
∞∑
ℓ=0
A<i1i2···iℓ>n
<i1ni2 · · ·niℓ>, (4.3)
where ni = Xi/|X|. In this case, the order ℓ, which is associated with the angular
dependence, is equivalent to the total angular momentum, J . Thus the J mode of
the (TT )-component of the metric perturbation is totally determined by its angular
dependence. Namely, the terms in the (TT )-component of the metric perturbation
which contain
1, ni, n<inj>, (4.4)
correspond to the J = 0, 1, 2 modes, respectively.
Next we consider the expansion of a vector field Ai,
Ai =
∞∑
ℓ=0
Ai<i1i2···iℓ>n
<i1ni2 · · ·niℓ>. (4.5)
In this case the term of the ℓ-th order in the angular dependence is decomposed
into J = ℓ + 1, ℓ and ℓ − 1. This is done by using the Clebsch-Gordan reduction
formula 9),
UiTi1i2···iℓ = R
(+)
i<i1i2···iℓ>
+
ℓ
ℓ+ 1
ǫji<iℓR
(0)
i1i2···iℓ−1>j
+
2ℓ− 1
2ℓ+ 1
δi<iℓR
(−)
i1i2···iℓ−1>
, (4.6)
where Ti1i2···iℓ is a STF tensor of order ℓ and
R
(+)
i1i2···iℓ+1
:= U<iℓ+1Ti1i2···iℓ>,
R
(0)
i1i2···iℓ
:= UjTk<i1i2···iℓ−1ǫiℓ>jk,
R
(−)
i1i2···iℓ−1
:= UjTji1i2···iℓ−1 . (4
.7)
We perform the decomposition explicitly for ℓ ≤ 2 here. For ℓ = 0, there exists
no J = 0 mode and it trivially corresponds to the J = 1 mode. For ℓ = 1, the
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decomposition is performed as
Aijn
j =
[(
A(ij) −
1
3
δijAkk
)
+A[ij] +
1
3
δijAkk
]
nj , (4.8)
and the first, second and third terms in the square brackets correspond to the J = 2
,1 and 0 modes, respectively. For ℓ = 2, we obtain the decomposition formula as
Ai<jk>n
<jnk> =
[
A<ijk> +
2
3
ǫmi<jB
(2)
k>m +
3
5
δi<jB
(1)
k>
]
n<jnk>, (4.9)
where
B
(2)
ij =
1
2
(Ak<mi>ǫjkm +Ak<mj>ǫikm),
B
(1)
k = Ai<jk>δij , (4
.10)
and the first, second and third terms correspond to the J = 3, 2 and 1 modes,
respectively.
We omit the general discussion on the expansion of the tensor field and we shall
give a specific argument when necessary.
4.2. Geodesics; (00) and (
1
0) matching
We begin with the (00) and (
1
0) matchings which are, respectively, of O((Gm/L)
0)
and of O((Gm/L)1/2) in the matching region. First we consider the external scheme.
In these matchings the external metric is the background itself. Here, the necessary
order of expansion in |X| is O(|X|). We note
gµν(x)dx
µdxν = gαβ(z)g¯
α
µ(z, x)g¯
β
ν(z, x)dx
µdxν . (4.11)
Then from Eq. (3.60), we get
gµν(x)dx
µdxν =
((
dz
dT
)2
(T ) + 2
dzα
dT
(T )
Dfαi
dT
(T )Xi
)
dT 2
+2
(
dzα
dT
(T )fαi(T ) +
dzα
dT
(T )fαij(T )X
j + fαi(T )
Dfαj
dT
(T )Xj
)
dTdXi
+
(
fαi(T )fαj(T ) + 2f
α
i(T )fαjk(T )X
k
)
dXidXj
+O
(
|X|2
L2
)
. (4.12)
Comparing the above equation with Eq. (2.10) and looking at the dependence on X,
one can readily extract out
(0)
(0)hab and
(1)
(0)hab to the lowest order in Gm/L.
Next we consider the internal scheme. The (00)-component is trivially given by
the flat Minkowski metric. Hence the (00) matching becomes
−1 =
(
dz
dT
)2
(T ) +O
(
Gm
L
)
, (TT )-component, (4.13)
0 =
dzα
dT
(T )fαi(T ) +O
(
Gm
L
)
, (T i)-component, (4.14)
δij = f
α
i(T )fαj(T ) +O
(
Gm
L
)
, (ij)-component. (4.15)
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Equations (4.14) and (4.15) indicate that fαi(T ) are spatial triad basis along the
orbit, i.e.,
fαk(T )f
β
k(T ) = g
αβ(z(T )) +
dzα
dT
(T )
dzβ
dT
(T ) +O
(
Gm
L
)
. (4.16)
To know the (10)-component of the internal scheme, it is better to consider all
the (1n)-components at the same time. Namely we consider the linear perturbation
of the black hole (1)Hab. For this purpose, we consider the harmonic decomposition
of linear perturbation as discussed in subsection 4.1. Since the time scale associated
with the perturbation should be of the order of the background curvature scale L, it
is much larger than the matching radius (GmL)1/2. Therefore the perturbation may
be regarded as static. It is known that all the physical static perturbations regular
on the black hole horizon behave as ∼ |X|J asymptotically where J is the angular
momentum eigenvalue. However, in
(1)
(n)Hab, there exists no term which behaves as
∼ |X|m (m ≥ 2). Hence, except for gauge degrees of freedom, (1)(n)Hab contain only
J = 0, 1 modes. As mentioned before, we set the perturbation of J = 0, 1 modes to
zero. Thus we conclude that we may set
(1)
(n)Hab = 0 , (4
.17)
for all n. This is the gauge condition we adopt for the internal scheme at O(1/L).
In particular this condition gives the (10) matching as
0 = 2
dzα
dT
(T )
Dfαi
dT
(T )Xi +O
(
Gm
L
|X|
L
)
, (TT )-component, (4.18)
0 =
dzα
dT
(T )fαij(T )X
j + fαi(T )
Dfαj
dT
(T )Xj
+O
(
Gm
L
|X|
L
)
, (T i)-component, (4.19)
0 = 2fα(i(T )f
α
j)k(T )X
k +O
(
Gm
L
|X|
L
)
, (ij)-component. (4.20)
Then the covariant T -derivative of Eq. (4.13) and that of Eq. (4.14) with Eq. (4.18)
result in the background geodetic motion,
D
dT
(
dzα
dT
)
(T ) = O
(
Gm
L
1
L
)
. (4.21)
One can see from Eq. (4.13) that the internal time coordinate T becomes a proper
time of the orbit in the lowest order in Gm/L. In the same manner, Eq. (4.18) and
the covariant T -derivative of Eq. (4.15) with (ij)-antisymmetric part of Eq. (4.19)
give the geodetic parallel transport of the triad fαi(T ),
D
dT
fαi(T ) = O
(
Gm
L
1
L
)
. (4.22)
Further, from Eqs. (4.19) and (4.20), we can see
fαij(T ) = O
(
Gm
L
1
L
)
. (4.23)
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4.3. Hypersurface condition; (20) matching
We now proceed to the (20) matching, in which the external metric is still given
by the background but there appear non-trivial perturbations in the internal scheme.
Although it is of O(Gm/L) in the matching region and O((Gm/L)1/2) higher than
the remaining (01)-component, we consider it first for the reason which will be clarified
below.
In order to obtain
(2)
(0)hab, we expand the external metric in terms of the internal
coordinates up to O(|X|2), i.e., we have to go one order higher than Eq. (4.12). Then
the (20) matching becomes
1
L2
(2)
(0)HTT = −Rαβγδ(z(T ))
dzα
dT
(T )fβi(T )
dzγ
dT
(T )f δj(T )X
iXj
+O
(
Gm
L
|X|2
L2
)
, (TT )-component, (4.24)
1
L2
(2)
(0)HT i =
1
2
dzα
dT
(T )fαijk(T )X
jXk
−2
3
Rαβγδ(z(T ))
dzα
dT
(T )fβj(T )f
γ
i(T )f
δ
k(T )X
jXk
+O
(
Gm
L
|X|2
L2
)
, (T i)-component, (4.25)
1
L2
(2)
(0)Hij = fα(i(T )f
α
j)kl(T )X
kX l
−1
3
Rαβγδ(z(T ))f
α
i(T )f
β
k(T )f
γ
j(T )f
δ
l(T )X
kX l
+O
(
Gm
L
|X|2
L2
)
, (ij)-component, (4.26)
where Eqs. (4.22) and (4.23) have been used to simplify the expressions. Since we
have set
(1)
(n)Hab = 0, the first non-trivial perturbations of the internal metric appear
in
(2)
(n)Hab. Hence they describe the linear perturbation of the black hole metric in
the internal scheme. Then we have to fix the gauge condition for this perturbation
to perform the matching. For
(2)
(0)Hab, since the physical perturbation contained in
it is quadrupolar, we fix the gauge so that all the J modes except J = 2 are zero.
Then the (20) matching becomes as follows.
First consider the (TT )-component of the metric. The right hand side of Eq. (4.24)
may contain J = 0, 2 modes. The J = 0 mode, however, vanishes because of the
background Ricci flatness. Hence this matching just determines the physical pertur-
bation in the (TT )-component.
As for the (T i)-component, the right hand side of Eq. (4.25) may contain J = 1,
2, 3 modes. As before, the J = 2 mode just determines the physical perturbation of
the (T i)-component. So we put J = 0, 3 modes to zero. However, they are found
to be absent in the second term of Eq. (4.25). To see this we first decompose its
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angular dependence,
dzα
dT
Rαβγδf
γ
i
(
fβ<jf
δ
k>X
<jXk> +
1
3
fβkf
δ
k|X|2
)
. (4.27)
Using Eq. (4.16) and the fact that the Ricci tensor vanishes, the second term in the
parentheses is rewritten as
1
3
dzα
dT
Rαβγδf
γ
i
dzβ
dT
dzδ
dT
|X|2, (4.28)
and is found to be zero due to the symmetry of the Riemann tensor. The first term
in the parentheses of Eq. (4.27) is decomposed further with the aid of the formulas
(4.10) and (4.9) as
dzα
dT
Rαβγδ
(
fγ<if
β
jf
δ
k> +
2
3
ǫmi<jF
(2)γβδ
k>m +
3
5
δi<jF
(1)γβδ
k>
)
X<jXk>, (4.29)
where
F
(2)γβδ
ij :=
1
2
(
fγmf
β
<nf
δ
i>ǫjmn + f
γ
mf
β
<nf
δ
j>ǫimn
)
,
F
(1)γβδ
i :=
1
2
(
fγkf
β
if
δ
k + f
γ
kf
β
kf
δ
i
)
− 1
3
fγif
β
kf
δ
k . (4.30)
It is easy to see that the first and third terms in the parentheses of Eq. (4.29) vanish
due to the symmetry of the Riemann tensor and the Ricci flatness. Thus only the
J = 2 mode remains in the second term in the right hand side of Eq. (4.25).
Decomposing the first term in the right hand side of Eq. (4.25) in a similar
manner, we find it contains J = 1, 3 modes as well as J = 2 mode. Putting the
J = 1 mode to zero, we obtain
dzα
dT
(T )fαikk(T ) = O
(
Gm
L
1
L2
)
. (4.31)
Putting the J = 3 mode to zero gives
1
2
dzα
dT
(T )fα<ijk>(T )X
jXk = O
(
Gm
L
|X|2
L2
)
. (4.32)
Then combining this with Eq. (4.31), we find
dzα
dT
(T )fαijk(T ) = O
(
Gm
L
1
L2
)
. (4.33)
From Eqs. (4.14), (4.23) and (4.33), we find
dzα
dT
(T )σ;α (x(T,X), z(T )) = −dz
α
dT
(T )Fα(T,X) = O
(
|X|4
L4
L
)
, (4.34)
to the lowest order in Gm/L. Comparing this with the hypersurface condition
of Tx, Eq. (3.36), one finds that the T = constant hypersurface differs from the
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Tx = constant hypersurface only by O(ǫ
4) = O(|X|4). It then follows that all the
calculations done in section 3 remain valid even if we replace Eq. (3.36) with
σ;α(x, z(Tx))z˙
α(Tx) = O(ǫ
4/L3). (4.35)
Thus T can be identified Tx to the lowest order in Gm/L. The reason why we
have done the (20) matching prior to the remaining (
0
1) matching is to establish this
equivalence of T and Tx.
Turning to the (ij)-component, it may contain J = 0 ∼ 4 modes. we first note
that the second term of Eq. (4.26) contains only J = 2 mode. This can be seen as
follows. First, we define the spatial triad components of the Riemann tensor by
Rijkm := Rαβγδf
α
if
β
jf
γ
kf
δ
m . (4.36)
Introducing a symmetric tensor defined by
Rij = 1
4
ǫikmǫjnsRkmns, (4.37)
we can express Rikjm in terms of Rij as
Rijkm = ǫ
nijǫskmRns . (4.38)
Then the symmetric tensor Rij is decomposed into STF tensors as
Rij = R<ij> + 1
3
δijRkk. (4.39)
Counting the number of indices, we find that the first and second terms in Eq. (4.39)
correspond to J = 2 and 0 modes, respectively. However, again owing to the sym-
metry of the Riemann tensor and the Ricci flatness, the J = 0 mode vanishes and
only the J = 2 mode remains. Therefore the gauge condition for the (ij)-component
implies [
fα(i(T )f
α
j)kl(T )
]
J 6=2
= O
(
Gm
L
1
L2
)
, (4.40)
where [· · ·]J 6=2 means the J 6= 2 parts of the quantity. This will be used in the (21)
matching below.
4.4. External perturbation; (01) matching
Now we proceed to the first non-trivial order in Gm/|X|. For this purpose, we
must develop the external scheme. However, since the time slicing by the internal
time coordinate T is now identical to that by Tx in the lowest order in Gm/L, we
can use the previously obtained formula (3.54) for the external metric perturbation.
Among the matchings which becomes of O((Gm/L)1/2) in the matching region,
there remains the (01) matching. This matching relates the masses of the particle in
both schemes. Since this matching is independent of L, we may regard the back-
ground external metric as if it were flat. As is well-known, the linear perturbation
induced by a point-like particle of massm in the flat background spacetime is exactly
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equal to the asymptotic metric of a Schwarzschild black hole of mass m in the linear
order in m. This fact indicates that the matching gives a consistency condition at
this order.
In order to directly check the consistency, we rewrite Eq. (3.54) in terms of the
internal coordinates. Since
(0)
(1)hab ∼ |X|−1, we have only to consider the ψµν(mono) term
of Eq. (3.54). Using Eqs. (2.8), (3.60) and the fact that ǫ =
√Fα(T,X)Fα(T,X),
we find
Gm
(0)
(1)hab(X)dX
adXb = Gm
(
2
|X|dT
2 +
2
|X|dX
idXi
)
, (4.41)
which corresponds to the asymptotic form of the Schwarzschild black hole of mass
m in the harmonic coordinates.
4.5. Radiation reaction; (11) and (
2
1) matchings
There are many components which become of O(Gm/L) and O((Gm/L)3/2) in
the matching region. However, we are interested in the leading order correction to the
equations of motion with respect to Gm/L and we found in the (00) and (
1
0) matchings
that in the lowest order the terms which behave as ∼ |X|0 or |X|1 determines the
motion of the particle. Therefore we consider the (11) and (
2
1) matchings here.
In order to perform the (11) and (
2
1) matchings, the calculation we have done to
obtain Eq. (4.41) must be extended to the linear order in |X|. Then the (11) matching
equations are found as
Gm
L
(1)
(1)HTT =
{(
dz
dT
)2
(T ) + 1
}
+Gm
dzα
dT
(T )
dzβ
dT
(T )Θαβ(T )
+O
((
Gm
L
)2)
, (TT )-component, (4.42)
Gm
L
(1)
(1)HT i =
dzα
dT
(T )fαi(T ) +Gm
dzα
dT
(T )fβi(T )Θαβ(T )
+O
((
Gm
L
)2)
, (T i)-component, (4.43)
Gm
L
(1)
(1)Hij = {fαi(T )fαj(T )− δij}+Gmfαi(T )fβj(T )Θαβ(T )
+O
((
Gm
L
)2)
, (ij)-component, (4.44)
and the (21) matching as
Gm
L2
(2)
(1)HTT = 2
dzα
dT
(T )
Dfαi
dT
(T )Xi
+Gm

dz
α
dT
(T )
dzβ
dT
(T )fγi(T )Θαβγ(T )X
i
− 1
3|X|3 fαi(T )f
α
jkl(T )X
iXjXkX l
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+
5
3|X|Rαβγδ(z(T ))
dzα
dT
(T )fβi(T )
dzγ
dT
(T )f δj(T )X
iXj


+O
((
Gm
L
)2 |X|
L
)
, (TT )-component, (4.45)
Gm
L2
(2)
(1)HT i =
dzα
dT
(T )fαij(T )X
j + fαi(T )
Dfαj
dT
(T )Xj
+Gm

dz
α
dT
(T )fβi (T )f
γ
j (T )Θαβγ(T )X
j
+2Rαβγδ(z(T ))
dzα
dT
(T )fβi(T )
dzγ
dT
(T )f δj(T )X
j
+
2
3|X|Rαβγδ(z(T ))
dzα
dT
(T )fβj(T )f
γ
i(T )f
δ
k(T )X
jXk


+O
((
Gm
L
)2 |X|
L
)
, (T i)-component, (4.46)
where
GmΘαβ(T ) := h(tail)αβ(z(T )),
GmΘαβγ(T ) := h(tail)αβ;γ (z(T )), (4.47)
with
h(tail)µν (x) := ψ(tail)µν(x)−
1
2
gµν(x)ψ(tail)(x). (4.48)
Note that h(tail)µν(x) is the metric perturbation due to vµναβ(x, z) in the Green
function. The (ij)-component of the (21) matching is not presented here since it will
not be used in the following discussion.
As we have discussed in subsection 4.2, we require
(1)
(1)Hab = 0. Thus the right
hand sides of Eqs. (4.42), (4.43) and (4.44) must vanish. As for
(2)
(1)Hab, following the
discussion in subsection 4.3, we set all the modes except J = 2 to zero. Inspection
of the right hand sides of Eqs. (4.45) and (4.46) reveals that the terms involving
the Riemann tensor are in the same forms as those appeared in Eqs. (4.24), (4.25)
and (4.26). Hence they contain only J = 2 modes and do not give any matching
condition. Furthermore, from Eq. (4.40), all the modes except J = 2 contained in
the term involving fαjkl in Eq. (4.45) vanish at the lowest order in Gm/L. Hence
we only have to consider the remaining terms in Eqs. (4.45) and (4.46). The J = 1
modes are extracted out to give
0 = 2
dzα
dT
(T )
Dfαi
dT
(T ) +Gm
dzα
dT
(T )
dzβ
dT
(T )fγi(T )Θαβγ(T )
+O
((
Gm
L
)2 1
L
)
, (TT )-component, (4.49)
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0 = fα[i(T )
Dfαj]
dT
(T ) +GmΘαβγ(T )
dzα
dT
(T )fβ [i(T )f
γ
j](T )
+O
((
Gm
L
)2 1
L
)
, (T i)-component. (4.50)
The J = 0 mode is absent in the (TT )-component, while that in the (T i)-component
exists but it just gives the equation which determines (dzα/dT )fαii to the first order
in Gm/L.
Taking the covariant T -derivative of Eqs. (4.42) and (4.43) and using Eq. (4.49),
we obtain the equations of motion with theO(Gm/L2) correction due to the radiation
reaction,
D
dT
dzα
dT
(T ) = −Gm
2
(Θαβγ(T ) +Θ
α
γβ(T )−Θβγα(T )) dz
β
dT
(T )
dzγ
dT
(T )
+O
((
Gm
L
)2 1
L
)
. (4.51)
Similarly the O(Gm/L2) correction to the evolution equations of the ‘triad’ basis,
fαi(T ), are obtained from the covariant T -derivative of Eq. (4.44), and Eqs. (4.49)
and (4.50). The result is
D
dT
fαi(T ) = −Gm
2
(Θαβγ(T ) +Θ
α
γβ(T )−Θβγα(T )) fβi(T )dz
γ
dT
(T )
+O
((
Gm
L
)2 1
L
)
. (4.52)
Since the internal time coordinate T is not properly normalized in the external
metric, we define the proper time, τ = τ(T ), such that (dz/dτ)2 = −1. It is easy to
see that we should choose
dτ
dT
= 1 +
Gm
2
Θαβ(T )
dzα
dτ
(T )
dzβ
dτ
(T ) +O
((
Gm
L
)2)
. (4.53)
Since the second term on the right hand side of this equation is proportional to the
small perturbation induced by the particle, it is guaranteed to stay small even after
a long time interval compared with the reaction time scale Tr = O
(
(Gm/L)−1L
)
.
Then Eq. (4.51) becomes
D
dτ
dzα
dτ
(τ)
= −Gm
2
(
dzα
dτ
dzβ
dτ
dzγ
dτ
dzδ
dτ
+ 2gαβ(z)
dzγ
dτ
dzδ
dτ
− gαδ(z)dz
β
dτ
dzγ
dτ
)
(τ) Θβγδ(τ)
+O
((
Gm
L
)2 1
L
)
. (4.54)
Also, the triad basis are not properly normalized in the external metric. Thus we
define eαi(τ) as
eαi(τ)e
α
j(τ) = δij , (4.55)
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eαi(τ) = (δij + sij)f
α
j −Gm(dzα/dT )(dzβ/dT )fγiΘβγ , (4.56)
where sij is of O(Gm/L) and recalling Eq. (4.43) the last term is added so as to
satisfy the orthonormal condition,
eαi(τ)(dz
α/dτ )(τ) = 0 . (4.57)
From Eq. (4.55) we find
sij = −Gm
2
Θαβ(τ)f
α
i(τ)f
β
j(τ) +O
((
Gm
L
)2)
. (4.58)
Again the correction terms in eαi are guaranteed to stay small. Then the evolution
equations of the normalized triad eαi(τ) become
D
dτ
eαi(τ)
= −Gm
2
(
dzα
dτ
dzβ
dτ
eγi
dzδ
dτ
+ gαβ(z)
dzγ
dτ
eδi − gαδ(z)eβidz
γ
dτ
)
(τ) Θβγδ(τ)
+O
((
Gm
L
)2 1
L
)
. (4.59)
§5. Equations of motion for a spinning particle
In this section, we consider the equations of motion for a spinning particle. Dif-
ferent from the Schwarzschild case, we cannot make use of the mode decomposition
by the spherical harmonics since the background in the internal scheme does not
have the spherical symmetry. Therefore, it is quite unclear for us how to fix the
gauge in the internal scheme, and hence we cannot derive the equations of motion
by the consistency condition of matching.
Instead, we here apply the laws of motion and precession discussed by Thorne
and Hartle 7). As noted in section 1, assuming the consistency between the internal
and external schemes, we can make use of the matching condition to obtain the
internal metric from the knowledge of the external metric. The problem to derive
the equations of motion for a spinning particle was discussed by Thorne and Hartle 7)
and the spin-induced force was derived. The discussion given below is an extension
of Ref. 7) in the sense that we take into account the effect of radiation reaction to
the motion. Both derivations of the radiation reaction and the spin-induced force
are discussed in a unified manner.
5.1. Laws of motion and precession
The laws of motion and precession 7) are derived from the integral identities
given in terms of the Landau-Lifshitz pseudo-tensor, tαβL−L, and the Landau-Lifshitz
super-potential, HαµβνL−L . The Einstein equations can be put into the form,
HαγβδL−L ,γδ = 16πG(−g)
(
Tαβ + tαβL−L
)
, (5.1)
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where
HαγβδL−L = g
αβgγδ − gαδgγβ , (5.2)
(−g)tαβL−L =
1
16π
{
gαβ ,γg
γδ
,δ − gαγ,γgβδ,δ + 1
2
gαβgγδg
γǫ
,ζg
δζ
,ǫ
−
(
gαγgδǫg
βδ
,ζg
ǫζ
,γ + g
βγgδǫg
αδ
,ζg
ǫζ
,γ
)
+ gγδg
ǫζgαγ ,ǫg
βδ
,ζ
+
1
8
(
2gαγgβδ − gαβgγδ
)(
2gǫζg
ηθ − gǫηgζθ
)
gǫη,γg
ζθ
,δ
}
, (5.3)
gαβ := (−g)1/2gαβ , (5.4)
and a comma denotes the ordinary derivative. By construction, the following con-
servation laws are satisfied: (
(−g)
(
Tαβ + tαβL−L
))
,β
= 0. (5.5)
Suppose that the internal metric around a Kerr black hole is calculated for a
given trajectory of the particle. In terms of the internal metric we define
P a(T, r) :=
1
16πG
∫
|X|=r
d2SjH
ab0j
L−L,b , (5
.6)
J ij(T, r) :=
1
16πG
∫
|X|=r
d2Sk
(
XiHja0kL−L,a −XjH ia0kL−L,a
+H ik0jL−L −Hjk0iL−L
)
, (5.7)
where d2Sj is the surface element of a two-sphere at |X| = r. Then by using the
Einstein equations (5.1), we have the following integral identities:
d
dT
P a(T, r) =
∫
|X|=r
d2Sj(−g)tajL−L(X), (5.8)
d
dT
J ij(T, r) =
∫
|X|=r
d2Sk
(
Xi(−g)tjkL−L(X) −Xj(−g)tikL−L(X)
)
. (5.9)
These are called the laws of motion and precession. By explicitly evaluating the
right hand sides of Eqs. (5.6), (5.7), (5.8) and (5.9), and eliminating P a(T, r) and
J ij(T, r) from the resulting equations, one obtains the equations of motion.
5.2. Use of the matched asymptotic expansion
In the present method, we construct the external metric and use the matching
conditions to obtain the necessary components of the internal metric. The (0n)-
components of the internal metric are assumed to be given by the metric of a Kerr
black hole. Since we do not construct the internal metric independently, there exists
no a priori requirement for thus obtained internal metric to satisfy some specific
gauge condition. Hence the transformation from the external coordinates to the
internal ones can be rather arbitrarily chosen. Here, we make use of the knowledge
we have obtained in section 4 and we choose the coordinate conditions as follows.
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We assume that the external metric is generated by the point-like source, Eq. (3.28),
and calculate the external metric in the matching region as in the previous section.
In order to do so, the hypersurfaces of T = constant and Tx = constant should be
identical to each other as given by Eq. (4.35). To satisfy this requirement, we adopt
the coordinate transformation from x to X in the form,
σ;α(x, z(T )) + fαi(T )X
i = O((Gm)2/L). (5.10)
This is satisfied by setting
Lfαij = L
2fαijk = O(Gm/L) , (5.11)
in Eq. (3.59). Note that, in the case of a monopole particle discussed in section
4, the conditions that are required to guarantee Eq. (4.35) are obtained from the
(n0 )-matchings (n = 0, 1, 2). On the contrary, here we impose the conditions (5.11)
by hand to guarantee Eq. (4.35).
Furthermore, to determine the internal metric from the matching conditions, we
set the (1n)-components of the internal metric to zero:
(1)
(n)Hab = 0 (n = 0, 1, 2, · · ·). (5.12)
In the case of a monopole particle, we have found we can impose these conditions.
However, in the present case, since we have imposed the coordinate condition (5.10)
by hand, it is not clear if a similar argument can be made to justify these conditions.
Nevertheless, at least for n = 0, 1, we should be able to require the conditions
(5.12). This is because the spin of the black hole appears at O
(
(Gm)2
)
or higher in
the internal metric, hence the discussion we gave in the case of a monopole particle
should be equally applicable to the (10) and (
1
1)-components of the metric. In fact, we
see below that the conditions (5.12) for n = 0, 1 consistently determine the internal
metric in the local rest frame by matching.
First consider the background metric in the internal scheme. For convenience
we define the trace-reversed (mn )-components of the metric with respect to the flat
Minkowski space:
(m)
(n) H¯ab =
(m)
(n) Hab −
1
2
ηabη
cd(m)
(n) Hcd (5
.13)
Expanding the Kerr metric with respect to Gm, the (0n)-components of the metric
in the harmonic coordinates are found as
(0)
(0)Hab = ηab , (5
.14)
Gm
(0)
(1)H¯TT =
4Gm
|X| , (5
.15)
Gm
(0)
(1)H¯T i = 0 , (5
.16)
Gm
(0)
(1)H¯ij = 0 , (5
.17)
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(Gm)2
(0)
(2)H¯TT =
(Gm)2
|X|2 , (5
.18)
(Gm)2
(0)
(2)H¯T i =
2Gm
|X|3 SijX
j , (5.19)
(Gm)2
(0)
(2)H¯ij =
(Gm)2
|X|2
(
−2δij + X
iXj
|X|2
)
, (5.20)
where Sij is the specific spin tensor in the local rest frame of the black hole. Then
calculating the (00) and (
0
1)-components of the external metric in the matching region,
we find they are consistent with Eqs. (5.14) ∼ (5.17) provided that z˙(T ) and fαi (T )
satisfy the lowest order orthonormal conditions, Eqs. (4.13), (4.14) and (4.15). Fur-
ther, the spin contribution to the metric, Eq. (5.19), can be reproduced from the
external metric with the source (3.28) by the identification,
Sαβ(T ) = Sijf
i
α(T )f
j
β +O((Gm)
2/L). (5.21)
This fact indicates the consistency of using the point-particle energy momentum
tensor (3.28) in the perturbation analysis.
Keeping in mind the imposed conditions (5.11) and (5.12), the calculation of the
(10)-components of the external metric in the matching region gives
dzα
dT
(T )
Dfαi
dT
(T ) = O(Gm/L2), fαi (T )
Dfαj
dT
(T ) = O(Gm/L2). (5.22)
As before, these equations imply that fαi (T ) is parallel transported along the particle
trajectory at the lowest order. Similarly, the calculation of the (11)-components of the
external metric gives the same conditions as we have found in the previous section
(see Eqs. (4.42) ∼ (4.44)):
z˙2(T ) = −1− Gm
2
Θ¯αβ(T )
(
gαβ(z(T )) + 2z˙α(T )z˙β(T )
)
+O((Gm)2/L2) , (5.23)
z˙α(T )fαi(T ) = −GmΘ¯αβ(T )z˙α(T )fβi(T )
+O((Gm)2/L2) , (5.24)
fαi(T )fαj(T ) = δij − Gm
2
Θ¯αβ(T )
(
−δijgαβ(z(T )) + 2fαi(T )fβj(T )
)
+O((Gm)2/L2) , (5.25)
where we have introduced
Θ¯αβ = Θαβ − 1/2gαβΘδδ = 1
Gm
ψ¯(tail)αβ . (5.26)
These equations may be viewed as a coordinate condition on the internal time T .
Clearly there is no inconsistency in them.
Computation of the rest of components of the internal metric which are needed
to derive the equations of motion is straightforward. The results are
1
L2
(2)
(0)H¯TT = −
2
3
Rαβγδ(z(T ))z˙
α(T )Xβ(T )z˙γ(T )Xδ(T )
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+O(Gm|X|2/L3) , (5.27)
1
L2
(2)
(0)H¯T i = −
2
3
Rαβγδ(z(T ))f
α
i(T )X
β(T )z˙γ(T )Xδ(T )
+O(Gm|X|2/L3) , (5.28)
1
L2
(2)
(0)H¯ij = −
1
3
Rαβγδ(z(T ))X
β(T )Xδ(T ) (fαi(T )f
γ
j(T ) + δij z˙
α(T )z˙γ(T ))
+O(Gm|X|2/L3) , (5.29)
Gm
L2
(2)
(1)H¯TT = z˙
α(T )
D
dT
fαi(T )X
i(T )
−10Gm
3|X| Rαβγδ(z(T ))z˙
α(T )Xβ(T )z˙γ(T )Xδ(T )
+GmΘ¯αβγ(T )z˙
α(T )z˙β(T )Xγ(T ) +O((Gm)2|X|/L3) , (5.30)
Gm
L2
(2)
(1)H¯T i = f
α
i(T )
D
dT
fαj(T )X
j
+GmRαβγδ(z(T ))X
β(T )z˙γ(T )
(
−z˙α(T )f δi(T ) + 2
3|X|f
α
i(T )X
δ(T )
)
+GmΘ¯αβγ(T )z˙
α(T )fβi(T )X
γ(T ) +O((Gm)2|X|/L3) , (5.31)
Gm
L2
(2)
(1)H¯ij = δij z˙
α(T )
D
dT
fαk(T )X
k
−2GmRαβγδ(z(T ))
(
1
3|X|X
β(T )Xδ(T ) (fαi(T )f
γ
j(T )− δij z˙α(T )z˙γ(T ))
−2|X|z˙α(T )fβi(T )z˙γ(T )f δj(T )
)
−2GmΘαβγ(T )fαi(T )fβj(T )Xγ(T ) +O((Gm)2|X|/L3) , (5.32)
where Xα(T ) = fαi (T )X
i and we have defined
Θ¯αβγ := Θαβγ − 1/2gαβΘδδγ . (5.33)
5.3. Equations of motion
Before evaluating Eqs. (5.6) and (5.8), let us first consider the equations for the
spin, Eqs. (5.7) and (5.9). Equation (5.7) has a dimension of (mass)× (length) and
we extract out the terms of O(Gm2). Power counting of X shows that there will
be contributions linear in the (02)-components of the metric and those from bilinear
combinations of the (01)- and (
0
1)-components of the metric. Then we obtain
J ij(T, r) = mSαβ(T )f
αifβi +O(G2m3/L) + (r-dependent terms). (5.34)
Equation (5.9) has a dimension of (mass)1 and we extract out the terms of O(Gm2/L)
in the same way. Power counting of X shows that there will be contributions from
bilinear combinations of the (01)- and (
0
1)-components of the metric, and we find that
the right hand side of Eq. (5.9) vanishes:
d
dT
J ij(T, r) = O(G2m3/L2) + (r-dependent terms). (5.35)
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Since the spatial triad are geodetic parallel transported in the background geometry
to the leading order, Eqs. (5.34) and (5.35) result in
D
dT
Sαβ(T ) = O
(
(Gm)2
L2
)
. (5.36)
Thus in the test particle limit m → 0 the spin tensor is parallel transported along
the particle trajectory in the background geometry.
We next consider Eqs. (5.6) and (5.8). Equation (5.6) has a dimension of (mass)1
and we extract out the terms of O(m) and O(Gm2/L). We find that there will be lin-
ear contributions from (01)-, (
0
2)-components of the metric, and bilinear contributions
from pairs of (01)− and (01)-components of the metric. We obtain
P 0(T, r) = m+O(G2m3/L2) + (r-dependent terms), (5.37)
P i(T, r) = O(G2m3/L2) + (r-dependent terms). (5.38)
Eq. (5.8) has a dimension of (mass)/(length) and we consider the terms of O(m/L)
and O(Gm2/L2). There will be bilinear contributions from pairs of the (02)− and
(20)-components and pairs of the (
0
1)− and (21)-components of the metric. We find
the former pairs give the spin-induced force and the latter pairs give the radiation
reaction force. A straightforward computation results in
d
dT
P 0(T, r) = O(G2m3/L3) + (r-dependent terms), (5.39)
d
dT
P i(T, r) = −m
2
Rαβγδ(z(T ))f
α
i(T )z˙
β(T )Sγδ(T )
+
Gm2
4
Θ¯αβγ(T )f
γ
i(T )
(
2z˙α(T )z˙β(T ) + gαβ(z(T ))
)
+mz˙α(T )
D
dT
fαi(T )
+O(G2m3/L3) + (r-dependent terms). (5.40)
Taking the T -derivative of Eqs. (5.23) and (5.24), we obtain the equations of motion,
D
dT
z˙α(T ) = −Gm
2
Θβγδ(T )
(
2z˙β(T )gαγ(z(T ))z˙δ(T )− z˙β(T )z˙γ(T )gαδ(z(T ))
)
−1
2
Rαβγδ(z(T ))z˙
β(T )Sγδ(T ) +O(G2m2/L3) . (5.41)
Introducing the proper time τ of the orbit,
dτ
dT
= 1 +
Gm
2
Θ¯αβ(T )z˙
α(T )z˙β(T ), (5.42)
we finally arrive at
D
dτ
dzα
dτ
(τ) = −Gm
2
Θβγδ(τ)
(
dzα
dτ
dzβ
dτ
dzγ
dτ
dzδ
dτ
+ 2
dzβ
dτ
gαγ(τ)
dzδ
dτ
− dz
β
dτ
dzγ
dτ
gαδ(τ)
)
−1
2
Rαβγδ(τ)
dzβ
dτ
Sγδ(τ) +O(G2m2/L3) , (5.43)
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where Q(τ) = Q(z(τ)). One finds that the result is exactly equal to Eq. (4.54) except
for the spin-curvature coupling term.
In the case of a monopole particle discussed in the previous section, the (21)
matching gave two conditions (4.49) and (4.50). The latter condition was crucial
to obtain the O(Gm/L2) correction terms in the evolution equations of fαi . In the
present analysis, we do not have the counterpart of this condition. This indicates
that the gauge condition relating with the notational mode must be specified to
determine Dfαi/dT .
§6. Discussion
Let us first discuss the physical meaning of the equations of motion obtained
in the preceding two sections. For simplicity, we consider the case of a monopole
particle. We divide the perturbed metric in the external scheme into the two:
hµν(x) = h(mono)µν(x) + h(tail)µν(x), (6.1)
where h(tail)µν (x) is the part due to the v
µναβ in the Green function while h(mono)µν
is due to the uµναβ term (see Eq. (3.34)). The singular behavior of the perturbed
metric in the coincidence limit x → z is totally due to h(mono)µν(x). Thus, we
introduce the regularized perturbed metric as
g˜(reg)µν(x) := gµν(x) + h(tail)µν (x), (6.2)
which has no singular behavior any more. Then we find the equations of motion
(4.51) and the evolution equations of the triad basis (4.52) coincide with the geodesic
equation and the geodetic parallel transport equation, respectively, on the regularized
spacetime with the metric g˜(reg)µν . To see this let us consider the parallel transport
of a vector Aα along a geodesic xα = zα(τ˜ ) in this spacetime. It is given by
D˜
dτ˜
Aα :=
D
dτ˜
Aα + δΓ(reg)
α
βγA
β dz
γ
dτ˜
= 0, (6.3)
to the linear order in h(tail)µν where
δΓ(reg)
α
βγ :=
1
2
(
h(tail)
α
β;γ + h(tail)
α
γ;β − h(tail)βγ ;α
)
. (6.4)
Then one recovers Eqs. (4.51) and (4.52) by identifying τ˜ with T and replacing Aα
with dzα/dT or fαi. In the case of a spinning particle, there exists an additional force
in the equations of motion (5.41) due to the coupling of the spin and the background
curvature.
The result for the monopole particle seems analogous to that in the electromag-
netic case 4), except that the instantaneous reaction force which is proportional to
higher derivatives of the particle velocity is absent in the present case. This is be-
cause the particle traces a geodesic in the lowest order approximation. If an external
force field exists, the assumption of the geodetic motion in the lowest order breaks
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down and furthermore the contribution of the external force field to the energy mo-
mentum tensor must be taken into account. Since this fact makes the problem too
complicated, it is beyond the scope of the present discussion.
Now let us consider how to construct g˜(reg)µν , in the case of a monopole particle.
Unfortunately, we do not have any satisfactory formalism that can be applied to such
a calculation, even for a specific background spacetime such as the Kerr geometry,
mainly due to the difficulty in evaluating the bi-tensor vµναβ(x, z). Here we just give
a few primitive discussions on this matter.
Basically, there seems to be two approaches for calculating g˜(reg)µν (or equiva-
lently h(tail)µν ). The first one is to calculate h(tail)µν directly. The second one is to
calculate hµν = h(mono)µν +h(tail)µν and subtract h(mono)µν from it. In the following,
we discuss only the first approach. As for the second approach, we have nothing to
mention here, but this direction of research may be fruitful 10).
By definition, h(mono)µν evaluated on the particle trajectory is independent of
the past history of the particle.∗) Therefore if we consider the metric defined by
h(∆τ)µν (x) = Gm
(
δµ
ρδν
σ − 1
2
gµν(x)g
ρσ(x)
)∫ τx−∆τ
−∞
dτ ′GRetρσαβ(x, z(τ
′))z˙α(τ ′)z˙β(τ ′),
(6.5)
for any finite ∆τ (> 0), it will not contain h(mono)µν when it is evaluated on the
particle trajectory. The difference between h
(∆τ)
µν and h(tail)µν comes from the integral
over a small interval,
∼ Gm
∫ τx
τx−∆τ
dτ ′vρσαβ(x, z(τ
′))z˙α(τ ′)z˙β(τ ′). (6.6)
Since vρσαβ(x, z) is regular in the coincidence limit x → z, this integral will be
negligible for a sufficiently small ∆τ . Thus lim∆τ→0 h
(∆τ)
µν will give h(tail)µν .
In the case of the electromagnetic (vector) Green function, a calculation along
the above strategy was performed by DeWitt and DeWitt 11) by assuming the back-
ground gravitational field is weak so that its metric is given by the small perturbation
on the Minkowski metric,
gµν = ηµν + h
(b)
µν . (6.7)
DeWitt and DeWitt calculated the relevant part of the Green function perturbatively
to the first order in h
(b)
µν by using the Minkowski Green function.
Here we should mention one important fact. We have obtained the equations of
motion with the correction term of O(Gm/L2). Although we use the terminology
‘radiation reaction’ to describe it, it is not appropriate in a narrow sense because
the correction term may well contain something more than just the usual effect of
radiation reaction. In fact, in the electromagnetic case, the existence of the effect
which is termed as ‘the induced polarization force on the background spacetime’ is
reported by several authors 12). Furthermore, a calculation analogous to that done
∗) There is a possibility that the future light cone emanating from z crosses the particle trajectory
again. Since inclusion of this possibility makes the problem too complicated, we do not consider it
here.
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by DeWitt and DeWitt 11) for the electromagnetic case was done by Carmeli 13) for
the gravitational case and it was shown that the tail part correctly reproduces the
lowest order post-Newtonian corrections to the equations of motion. However, no
such calculation has been done for the background with strong gravity, such as a
black hole spacetime. It seems difficult to develop DeWitt and DeWitt’s approach
to higher orders in h
(b)
µν . It is a challenging issue to formulate a systematic method
to evaluate the tail part of the metric when the background gravity is strong and
clarify its physical content.
Turning back to the effect of the gravitational radiation reaction, we should make
one additional comment. There has been some proposals to obtain the radiation
reaction force in a quite different manner. Among others is the use of the radiative
Green function (a half of the retarded minus advanced Green functions) in the case
of a Kerr background proposed by Gal‘tsov 14). As easily seen from the results in
section 3, the use of the radiative Green function instead of the retarded one results
in the replacement of ψ(tail)µν (x) by ψ
Rad
(v)µν(x), which is defined by
ψRad(v) βγ(x) := −Gm
∫ +∞
−∞
dτ ′vβγα′β′(x, z(τ
′))z˙α
′
(τ ′)z˙β
′
(τ ′). (6.8)
Gal’tsov proved that the back reaction force computed using the radiative Green
function gives the loss rates of the energy and the z-component of the angular mo-
mentum of the particle in quasi-periodic orbits which correctly balance with the
emission rates of the corresponding quantities by gravitational radiation. However,
we do not think that this fact indicates the correctness of the prescription, even if we
restrict it to the case of a Kerr background, because those constants of motion are
special ones which reflect the existence of the corresponding Killing vector fields. For
such quantities, there may be some symmetry in the structure of the Green function
which makes the use of the radiative Green function valid. However, it is doubtful
that the radiative Green function correctly describes the radiation reaction effect on
the Carter constant.
Finally we make a couple of comments on the implications of our results. It
is important to note that the particle does not have to be a black hole since the
detailed internal boundary condition was not used to determine the metric in the
internal scheme. The resulting equations of motion should be equally applicable to
any compact body such as a neutron star. The essential assumption here is that the
only length scale associated with the particle is Gm. In this sense, we have shown
the strong equivalence principle to the first order in Gm.
We also note that our results strongly support, if not rigorously justify, the so-
called black hole perturbation approach. In the black hole perturbation approach,
one calculates the gravitational radiation from a particle orbiting a black hole with
the assumption that the particle is a point-like object with the energy momentum
tensor described by the delta function. Although this approach has been fruitful,
there has been always skepticism about the validity of the delta functional source.
What we have shown in this chapter is the consistency of using the delta function
in the source energy momentum tensor within the order of matched asymptotic
expansion we have examined.
34
References
[1] A. S. Eddington, The Mathematical Theory of Relativity, (Cambridge University Press,
Cambridge, 1922).
[2] S. Chandrasekhar and F. P. Esposito, Astrophys. J. 160, 153(1970).
[3] W. L. Burke, J. Math. Phys. 12, 401(1971).
[4] B. S. DeWitt and R. W. Brehme, Ann. Phys. (N.Y.) 9, 220 (1960).
[5] Y. Mino, M. Sasaki, and T. Tanaka, Phys. Rev. D 55, 3457(1997)
[6] P. D. D’Eath, Phys. Rev. D11, 1387 (1975).
[7] K. S. Thorne, and J. B. Hartle, Phys. Rev. D31, 1815 (1985).
[8] W. G. Dixon, in Isolated Gravitating Systems in General Relativity, edited by J. Ehlers
(North-Holland, Amsterdam, 1979), pp.156-219.
[9] e.g., Appendix A of L. Blanchet and T. Damour, Philos. Trans. R. Soc. London A320,
379 (1986).
[10] Y. Mino, Doctor thesis, in preparation.
[11] C. M. DeWitt and B. S. DeWitt, Physics 1, 3 (1964).
[12] M. Carmeli, Phys. Rev. 138, B1003 (1965);
A. G. Smith and C. M. Will, Phys. Rev. D22, 1276 (1980).
[13] M. Carmeli, Ann. Phys. 30, 168(1964).
[14] D. V. Gal’tsov, J. Phys. A15, 3737 (1982).
